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We propose a (4 + 1) dimensional Chern-Simons field theoretical description of the fractional
quantum Hall effect. It suggests that composite fermions reside on a momentum manifold with a
nonzero Chern number. Based on derivations from microscopic wave functions, we further show
that the momentum manifold has a uniformly distributed Berry curvature. As a result, composite
fermions do not follow the ordinary Newtonian dynamics as commonly believed, but the more general
symplectic one. For a Landau level with the particle-hole symmetry, the theory correctly predicts
its Hall conductance at half-filling as well as the symmetry between an electron filling fraction and
its hole counterpart.
The theory of composite fermions presents one of the
most important insights of the modern condensed matter
physics: a collection of strongly correlated electrons in a
partially filled Landau level could be mapped to a collec-
tion of weakly interacting composite fermions (CFs) [1].
While the theory has tremendous successes in under-
standing the fractional quantum Hall effect (FQHE) and
related phenomena, the true nature of the CFs is yet to be
fully clarified. Conventional wisdom had long held that a
CF behaves just like an ordinary Newtonian particle [2–
4]. However, the interpretation suffers from two salient
issues: it cannot correctly predict the Hall conductance
of a half-filled Landau level with the particle-hole sym-
metry [5], and the CF pictures for an electron filling frac-
tion and its hole counterpart are seemly asymmetric [1].
These issues are recently addressed by Son, who argues
that a CF should be a Dirac particle [6, 7]. The new
interpretation is appealing in many aspects and attracts
much attention, although its microscopic underpinning is
not yet clear [8, 9].
In this paper, we have a resurvey on the Chern-Simons
(CS) theory of CFs. We argue that a proper CS field the-
oretical description of the FQHE should be formulated in
(4 + 1) dimensions, where 4 stands for the dimensions of
the phase space of CFs. We find that the theory can
describe the FQHE only when the CF momentum man-
ifold within the phase space has a nonzero Chern num-
ber. With a properly assigned Chern number, the theory
correctly predicts the Hall conductance of a half-filled
Landau level with the particle-hole symmetry. Based on
derivations from microscopic wave functions, we further
show that the momentum manifold has a uniformly dis-
tributed Berry curvature. As a result, CFs do not follow
the ordinary Newtonian dynamics as commonly believed,
but the more general symplectic one [10, 11]. We explic-
itly construct a CF effective hamiltonian, which satisfies
all constraints and shows the symmetry between an elec-
tron filling fraction and its hole counterpart. It suggests
that the apparent asymmetry is actually a manifestation
of the nontrivial topological structure of the CF momen-
tum manifold.
Effective Field Theory. The deficiency of the conven-
tional CS theory of the FQHE is actually apparent from
the full form of its Lagrangian which explicitly shows
the dependence on the direction of the external magnetic
field B [12]:
L(1+2)cs =
sign(B)
8π
ǫµνλaµ∂νaλ − (A+ a)µjµcf + Lcf , (1)
where Aµ ≡ (φ(x, t), Ax1(x, t), Ax2(x, t)) denotes the ex-
ternal electromagnetic field in (2 + 1) dimensions with a
scalar potential φ(x) and a vector potential A(x) [13],
a denotes the emergent CS field due to the flux attach-
ment of CFs, jcf and Lcf are CF current density and
Lagrangian, respectively, and we adopt the natural units
q = ~ = 1, where q is the charge of a carrier. We note
the singular dependence of the coefficient of the CS term
on B, and interpret it as an effect of hidden degrees of
freedom.
To remedy the issue, we propose that a proper CS
theory for the FQHE should be formulated in (4 + 1)
dimensions, in the four dimensional CF phase space
that consists of a two-dimensional real space and a two-
dimensional momentum manifold. The effective field the-
ory is described by the action:
S =
∫
dtd2x
d2k
(2π)2
Lcs, (2)
Lcs = −1
8
ǫµνλαβaµ∂νaλ∂αaβ − (A+ a)µjµcf + Lcf , (3)
where A and a are extended to (4 + 1) dimensions by:
Aµ = (φ(x, t), Ax1(x, t), Ax2(x, t), 0, 0), (4)
aµ = (a0(x, t), ax1(x, t), ax2(x, t), ak1(k), ak2(k)), (5)
with new Berry connection components, which give rise
to a Berry curvature [11]:
Ω(k) = ∂k1ak2 − ∂k2ak1 , (6)
and a quantized Chern number:
C =
1
2π
∫
d2kΩ(k), (7)
2where the integral is over the whole momentum mani-
fold. We require that the Chern number is related to the
external magnetic field by the constraint:
C = sign(B). (8)
From the theory, the coefficient in the conventional CS
theory is identified to be the Chern number C of the CF
momentum manifold. This can be seen by completing
the integral over the momentums in Eq. (2) for the CS
term of Eq. (3). It recovers the conventional CS form of
Eq. (1) with C as its coefficient. The connection has an
important implication: a CF must reside on a momen-
tum manifold with a nonzero Chern number. It presents
a picture different from the conventional Halperin-Lee-
Read (HLR) theory of CF liquids [3, 4], for which the
CF momentum manifold is assumed to be identical to
that for an ordinary Newtonian particle in a free space.
The most important consequence of the theory is its
correction to the dynamics of CFs. This is because when
the Berry connection is introduced into the theory, it is
inevitable to induce a coupling between the connection
and the momentum components of the current density,
as evident in Eq. (3). It results in a CF dynamics [10, 11]:
x˙ =
∂hcf
∂k
− k˙ ×Ω(k), (9)
k˙ = Ecf + x˙×Bcf , (10)
where Ecf , Bcf are the effective CF electric and mag-
netic fields corresponding to A+ a, respectively, hcf de-
notes the hamiltonian of CFs, and Ω(k) ≡ Ω(k)zˆ. An
anomalous velocity correction induced by the Berry cur-
vature is evident. The presence of the Berry curvature is
not surprising because electrons, which are constituents
of CFs, are limited in a Landau level. It is known that a
projection to a truncated Hilbert space (e.g., a Landau
level) is the origin of Berry curvature corrections [11].
With the anomalous velocity correction, a CF Fermi
sea will have a finite Hall conductance due to the anoma-
lous Hall effect [15]. This is different from the HLR
theory, which interprets the Fermi sea as a collection of
free-electron-like CFs with a zero Hall conductance [3, 4].
Here, we require that the CF momentum manifold inher-
its essential characteristics from its hosting Landau level,
including a total phase volume (2π|B|), the particle-hole
symmetry (in case it has), as well as the finite Chern
number (albeit with an opposite sign [14]). For a half-
filled Landau level with the particle-hole symmetry, the
corresponding CF momentum manifold will also be half-
filled and particle-hole symmetric. In this case, the CF
Hall conductance is [15, 16]:
σcfxy = −
C
4π
, (11)
where the CF Hall conductance is fixed at a value of one
half of the quantized Hall conductance of a fully occu-
pied momentum manifold, as a result of the particle-hole
symmetry. The topological protection, assisted by the
particle-hole symmetry, makes the value of the CF Hall
conductance robust against perturbations of all possible
origins with the required symmetry. It is easy to verify
that the CF Hall conductance is exactly the one needed
for correctly predicting the Hall conductance of a half-
filled Landau level with the particle-hole symmetry [5, 6].
Berry Curvature Distribution. With the existence of the
Berry curvature established, we proceed to show that the
Berry curvature is actually uniformly distributed in the
momentum manifold with:
Ω(k) =
1
B
. (12)
We corroborate the conclusion as follows.
Firstly, we have derived the effective dynamics of CFs
in a CFWigner crystal directly from its microscopic wave
function in Ref. [17]. The dynamics has the exactly same
form as Eqs. (9,10), with a Berry curvature that has a
value 1/B at the limit of k → 0 [18], consistent with
Eq. (12). The derivation also shows that the dynam-
ics has the particular form only when the position of a
CF is assigned to the position of its constituent quan-
tum vortices. Had we assigned the position to its con-
stituent electron, the Berry curvature would change sign,
and other components of Berry curvatures [10, 11] would
emerge as long as the emergent CS field does not exactly
cancel the external field. In this case, the effective theory
would not be described by the simplistic form of the CS
field Eq. (5) we have assumed. Hence, to keep our theory
simple, it is preferable to interpret the position of a CF
as the position of its constituent quantum vortices.
Secondly, the conclusion is also consistent with a
heuristic argument based on the dipole picture of CFs [4,
19, 20]. In the picture, a CF is interpreted as a dipole
binding an electron and two (or an even number of) quan-
tum vortices, with a displacement zˆ×k/B between them.
The electron is only coupled to the external fields, while
the quantum vortices are only coupled to the emergent
CS fields [8, 9, 17]. Moving a CF along a closed path en-
closing an area Sk in the momentum manifold is equiv-
alent to fixing the position of its constituent quantum
vortices and moving its constituent electron along a real
space path enclosing an area Sk/B
2. Since the electron
is coupled to the external magnetic field, it acquires an
Aharonov-Bohm phase B×Sk/B2 = Sk/B, which is ex-
actly the Berry phase expected from the Berry curvature
Eq. (12).
Thirdly, we can determine the Berry curvature directly
from the Rezayi-Read wave function [21], which is be-
lieved to be the correct microscopic wave function for
CF Fermi liquids at half filling. The wave function has
the form:
ΨCFS = PˆLLLe
− |B|
4
∑
i
|zi|
2
∏
i<j
(zj−zj)2ΨF ({xi}) , (13)
3where zi ≡ x1i + isign(B)x2i, ΨF denotes a Slater de-
terminant of plane-wave states of a filled Fermi disc, and
PˆLLL denotes a projection to the lowest Landau level.
To trace the motion of a CF and determine its dynam-
ics, we add one electron into the Fermi sea and ignore its
exchange symmetry with other electrons. The resulting
wave function can be written as:
Ψk (x, {xi}) ∝ eik·x/2Ψa (z + ik/B, {zi}) , (14)
where Ψa(z, {zi}) ∝ exp(−|B||z|2/4)
∏
i(z−zi)2ΨCFS, x
and k denote the position and momentum of the added
electron, respectively, and k ≡ k1 + isign(B)k2. One can
show that {Ψk} forms a set of effective plane-wave bases
with 〈Ψk |Ψk′ 〉 = δkk′ by applying the identity:
ρa (x,x
′) =
1
S
e−
|B|
4 |x−x′|2+ iB2 (x×x′)·zˆ, (15)
where ρa (x,x
′) ≡ ∫ ∏i dxiΨa (x, {xi})Ψ∗a (x′, {xi}) is
the one-body density matrix corresponding to Ψa, and S
is the total area the the system. Equation (15) is a re-
sult of the special analytic structure of the wave function
Eq. (14) as well as its uniform density distribution in the
macroscopic limit [22, 23].
To determine the CF dynamics, we form a wave-packet
state using the bases {Ψk} by Ψwp =
∫
dka(k, t)Ψk with
a(k, t) = |a(k, t)| exp(−iγ(k, t)), where |a(k, t)| is nar-
rowly distributed in the momentum space centering at
kc with a width |∆k| ≪ 1/lB, and lB ≡ 1/
√
|B| is
the magnetic length. The procedure for determining the
wave-packet dynamics is not much different from that
presented in Ref. [10], and will not be repeated here. The
crucial step of the derivation is to relate the CF position
xcf ≡ 〈Ψwp |x− k × zˆ/B|Ψwp〉 to the parameters of the
wave packet. Note that the position of a CF is assigned
to the position of its constituent quantum vortices, and
is related to the electron position by xcf = x−k× zˆ/B.
By applying Eq. (15), we obtain:
xcf = ∂kcγ(kc, t)−
1
2B
kc × zˆ. (16)
It corresponds to a Berry connection a(k) = −k× zˆ/2B,
which gives rise to the Berry curvature Eq. (12).
A Model of the CF Hamiltonian. The above discus-
sions provide important constraints on how a CF effec-
tive hamiltonian should be constructed. First of all, the
hamiltonian should be defined on a momentum manifold
with a finite total area 2π|B|. To this end, we assume
that the momentum manifold is a disc with |k|lB ≤ 1,
and a CF manifold comprises two bands defined on the
disc. The choice of the momentum manifold is peculiar
since it is not in a form known for real physical systems,
i.e., a Brillouin zone defined on a torus. Since a CF is a
fictitious particle defined in a hidden Hilbert space [24],
the choice should not pose an issue. Moreover, the choice
is the simplest one that is isotropic while accommodat-
ing a particle-hole symmetric CF manifold. Secondly,
the CF manifold should have a uniform distribution of
the Berry curvature, and yield a Chern number as re-
quested by Eq. (8). Finally, the CF manifold should be
constructed with the particle-hole symmetry. The combi-
nation of these requirements will not uniquely determine
the CF hamiltonian, and a complete determination may
require further microscopic details. Here we show one of
the models that meet all the stated requirements as well
as our preference in the interpretation of simplicity.
Our choice of the CF hamiltonian is a four-band model,
defined in terms of p ≡ klB:
Hcf = ǫ0
[
Λ [(p · σ)στ (p · σ) + β] ǫpp · σ + β2
ǫpp · σ + β2 −Λστ
]
, (17)
where σ ≡ (σ1, σ2, σ3) with σi being the Pauli matri-
ces, στ ≡ (τ + σ3)/2, τ = sign(B), p ≡ (p1, p2, ǫp),
ǫp ≡
√
1− p2, β ≡ 2Bcf/|B|, ǫ0 ∼ e2/κlB is a Coulomb
energy scale determining the CF energy, Λ ∼ ~ωc/ǫ0 ≫ 1
with ~ωc being the cyclotron energy. The model yields
two CF bands with dispersions ǫcf (p) = ±ǫ0ǫp and two
vacuum bands with ǫv(p) ≈ ±Λǫ0. The two CF bands
together form the CF manifold with (ǫcf/ǫ0)
2 + p2 = 1.
Again, the choice of the CF dispersion is arbitrary and is
the simplest one that meets necessary physical require-
ments. Had one had a different preference on the CF dis-
persion, the function ǫp in the off-diagonal blocks should
be replaced.
In the presence of the effective CF magnetic field Bcf ,
the hamiltonian should be modified by the usual Peierls
substitution. Because p ·σ does not commute with ǫp in
this case, we require that ǫp is interpreted as its Taylor
series in p2, and a term like (p2)Np · σ is interpreted
as (1/2N)
∑N
k=0 C
k
N (p
2)N−kp · σ(p2)k. As a result of
the operator symmetrization, we have ǫp(p1 ± ip2)|n〉 →
[ǫ√
|β|n
√
|β|n]|n∓ sign(β)〉, where |n〉 denotes a state in
n-th Landau level. The CF spectrum is determined to
be:
ǫcf = ǫ0
{
±
√
1− |β|n, n = 1, 2 . . . ,
±1, CBcf < 0.
(18)
It is interesting to observe that the CF spectrum for
ν < 1/2 (CBcf > 0) and ν > 1/2 (CBcf < 0) are
identical except that the latter one has an extra pairs
of Landau levels located at the top and the bottom of
the CF bands. This is consistent with the general con-
sideration that the simultaneous presences of Ω(k) and
Bcf will modify the measure of the phase space by a
factor D = 1 − BcfΩ(k) [25], and as a result, the total
number of Landau levels accommodated by the momen-
tum manifold will be reduced or increased by one for the
cases CBcf > 0 and CBcf < 0, respectively. Therefore,
4to make a filling fraction νn = n/(2n+1) symmetric with
its hole counterpart 1− νn, it should be mapped to n CF
Landau levels while the hole counterpart be mapped to
n+1 levels, to compensate the extraneous level emerged
at the band bottom for the latter case. The considera-
tion indicates that the apparent asymmetry in the CF
pictures for for ν < 1/2 and ν > 1/2 is not a flaw of the
CF theory. Instead, it is a manifestation of the non-zero
Chern number of the CF manifold and a necessary fea-
ture to make the physics symmetric in such a manifold.
Finally, the model can be transformed by τ → −τ .
The resulting model has a bottom band with a nonzero
vacuum Chern number Cv = sign(B), as well as a CF
manifold with the Chern number C = −sign(B). It is
also possible to construct a valid effective theory based
on the model. In this case, the Lagrangian of the effective
theory should be written as:
L(v)cs = L¯cs −
Cv
2|B|ǫ
µνλ(A+ a)µ∂ν(A+ a)λ, (19)
where the extra term accounts for the contribution of the
non-trivial vacuum, L¯cs denotes the Lagrangian Eq. (3)
with the signs of its CS term and the Chern number
flipped, and µ, ν, λ ∈ (0, 1, 2). Actually, Equation (3)
and (19) correspond to the views of the FQHE from the
electron side and the hole side, respectively. For the lat-
ter, the vacuum consists of all unoccupied Landau levels
which do have a nonzero total Chern number that cancels
the Chern number of the occupied lowest Landau level.
Relation to the Dirac Theory. We cannot make our the-
ory compatible with Son’s Dirac theory of CFs. As shown
in Ref. [6], the Dirac theory can be converted to the
conventional HLR theory by introducing a mass, which
opens a gap and effectively introduce a vacuum with
a half-quantized Chern number Cv. Unfortunately, the
mass will inevitably induce a Berry curvature and a half-
quantized Chern number −Cv in the CF manifold. In our
theory, unlike the conventional HLR theory, the effect of
the Berry curvature cannot be eliminated by making the
mass infinitely large because the CF momentum mani-
fold is finite and particle-hole symmetric, and the Berry
curvature has nowhere to disappear. To obtain the cor-
rect CF Hall conductance (zero in this case), one has
to assume that the Chern number is exactly cancelled,
resulting in a CF manifold with a zero Chern number.
This is incompatible with the effective theory Eq. (3),
for which a zero Chern number cannot provide a valid
description for the FQHE.
The most important difference between our theory and
the Dirac theory is in how the correct CF Hall conduc-
tance at the half filling is obtained and protected. In
our theory, it is induced by the CF anomalous Hall effect
and protected by the particle-hole symmetry of the CF
manifold. On the other hand, in the Dirac theory, the
half quantized Hall conductance is originated and topo-
logically protected at the Dirac point. However, the CF
Fermi level corresponding to the half-filling is far removed
from the Dirac point. It seems to be nontrivial to find a
mechanism to prevent a non-vanishing Hall conductance
from arising out of the Fermi sea of CFs in all possible
scenarios, for instance, when the full effect of disorders
as discussed in Ref. [26] is considered.
In summary, we have constructed a new form of CS
theory for CFs in (4+ 1) dimensions and determined the
topological structure of the CF momentum manifold. It
resolves all the salient issues which had been interpreted
as the flaws of the CF theory. Our theory suggests that
they are actually the manifestations of the non-trivial
topological structure of the CF manifold and the neces-
sary features of a proper CF theory.
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